We show theoretically that a heterostructure of monolayer FeTe1−xSex -a superconducting quantum spin Hall material -with a monolayer of FeTe -a bicollinear antiferromagnet -realizes a higher order topological superconductor phase characterized by emergent Majorana zero modes pinned to the sample corners. We provide a minimal effective model for this system, analyze the origin of higher order topology, and fully characterize the topological phase diagram. Despite the conventional s-wave pairing, we find rather surprising emergence of a novel topological nodal superconductor in the phase diagram. Featured by edge-dependent Majorana flat bands, the topological nodal phase is protected by an antiferromagnetic chiral symmetry. We also discuss the experimental feasibility, the estimation of realistic model parameters, and the robustness of the Majorana corner modes against magnetic disorder. Our work provides a new experimentally feasible high-temperature platform for both higher order topology and non-Abelian Majorana physics.
Introduction -For the past decade iron-based superconductors (FeSCs) have been a central research theme in condensed matter physics, owing to their high superconducting (SC) transition temperature T c , rich phase diagrams, and in particular the puzzle of the origin of pairing [1] [2] [3] [4] [5] [6] [7] . While the underlying microscopic mechanisms of SC in both bulk and monolayer FeSCs remain controversial, remarkable progress has been made recently towards revealing their nontrivial topological properties [8] [9] [10] [11] [12] [13] [14] [15] [16] . As the prototypical example of topological FeSC, bulk FeTe 1−x Se x (FTS) with x = 0.45 hosts a helical Dirac surface state above T c , as confirmed by angleresolved photoemission spectroscopy (ARPES) measurements [12, 14] . Below T c , strong evidence for Majorana vortex bound states has been found reproducibly in several scanning tunneling microscopy (STM) experiments [13, [16] [17] [18] , following from the theoretical prediction of surface topological superconductivity developed via a "self-proximity" effect [19] . Similar to its bulk counterpart, the normal-state band structure of monolayer FTS has been theoretically predicted to be topological [10] . This prediction is further supported by a recent systematic ARPES measurement of monolayer FTS [20, 21] , clearly revealing a bulk topological phase transition (band gap closing at Γ) by continuously changing the value of x. With the highest T c among FeSCs [22] [23] [24] , one might wonder whether FTS monolayer also offers a new high temperature platform for topological Majorana physics. It should be noted, however, that the coexistence of nontrivial band topology and SC does not guarantee topological superconductivity (TSC). In fact, twodimensional (2d), time reversal invariant TSC requires very strict conditions for both the Fermi surface geometry and SC pairing symmetry [25, 26] . With the puzzle of pairing symmetry unresolved [27] , the question of TSC in monolayer FTS remains open, although the answer is very likely negative.
In this Letter, we provide an alternative pairingsymmetry-independent route to obtain Majorana bound states in monolayer FTS systems. We demonstrate that Majorana zero modes emerge at physical corners of a sample when a FeTe layer is deposited on top of the FTS monolayer, as shown in Fig. 1 (b) . The bicollinear antiferromagentic order of FeTe [28] [29] [30] [31] is the key enabling higher order topology in this heterostructure binding localized Majorana zero modes, without relying on the choice of pairing symmetry. This heterostructurebased mechanism is essentially different from our earlier proposal for bulk FTS, where the higher order topology is enabled by unconventional s ± pairing [54] . We construct a minimal lattice model to explain the origin of higher order topology in this heterostructure and we also study the stability of Majorana corner modes with respect to finite chemical potential µ and disorder effects. In the large µ limit, the FeTe layer also enables a novel topological nodal SC phase with symmetry protected edge Majorana flat bands, even when the SC pairing is singlet s-wave.
Model Hamiltonian -The low-energy theory of monolayer FTS around the Γ-point is a superconducting version of the Bernevig-Hughes-Zhang (BHZ) model [10, 55] . While the pairing mechanism in monolayer iron chalcogenide systems is still under debate, a conventional swave singlet pairing ∆ will suffice for our purpose. The Hamiltonian for FTS is then
in terms of a choice of 8 × 8 Γ matrices
Here s, σ and τ Pauli matrices denote spin, orbital and particle-hole degrees of freedom, respectively. When 0 < m < 8B, the normal-state part of h BHZ is topologically nontrivial and possesses helical edge modes. However, the s-wave SC pairing necessarily trivializes the band topology of the full BdG model and introduces a pairing gap on the edge. Covering the FTS monolayer with a monolayer FeTe introduces an exchange coupling with the bicollinear AFM order of FeTe to the system. Unlike a conventional collinear AFM, the magnetic moments in the bicollinear AFM flip their orientation every two atoms along the diagonal direction (e.g. the [11] direction) [28] , as shown in Fig. 1 (a) . As a result, the unit cell is enlarged to contain four inequivalent atoms, labeled by a sublattice index i = 1, 2, 3, 4. The new unit cell is characterized by the lattice vectorsã x = 2(a x + a y ),ã y = −a x + a y , where a x,y are the lattice vectors of the original square lattice BHZ model. kx and kỹ denote the crystal momenta in the folded Brillouin zone and we will use M to represent the interlayer exchange coupling between FTS and FT. The matrix form of the full Hamiltonian H FTS with both SC and AFM is shown in the Supplemental Material [56] .
Majorana Corner Modes -To understand the emergence of topological Majorana zero modes in our system, it is instructive to first switch off superconductivity and study the topological consequence of the bicollinear AFM. Despite explicitly breaking the time reversal symmetry Θ, introducing AFM to a QSH system does NOT necessarily destroy the helical edge states. These edge states are instead now protected by an effective TRS Θ M = Θe ikx/2 , which combines Θ with a half-unit-cell translation along ax. As shown in Fig. 1 (a) , Θ M swaps electrons of index i = 1, 2 with those of i = 3, 4. Therefore, Θ M is a magnetic space group operation and has a crucial difference from the conventional TRS Θ [57] [58] [59] : the Kramers degeneracy of Θ M only arises at the high symmetry points with kx = 0.
Due to the crystalline nature of Θ M , not every edge preserves Θ M and is capable of hosting helical edge states. In particular, as shown in Fig. 1 (a) , the magnetic configuration of theỹ edge (which is parallel tõ a y ) is ferromagnetic (FM), which locally breaks Θ M and produces an edge magnetic gap. This is in contrast to gapless edges (such as thex edge) with AFM ordering and Θ M protection. To verify this picture, we have used the iterative Green function method to numerically calculate the edge dispersion with finite exchange coupling M and zero ∆ for bothx andỹ edges. As shown in Fig.  2 (a) , thex edge has a Kramers degeneracy atΓ (with Θ Now we include SC in our discussion. Through the self-proximity effect accompanying the development of bulk SC in the FTS layer, the gaplessx edge opens a SC gap. For theỹ edge, however, there exists a competition between the edge FM gap and the edge SC gap. In particular, when the FM gap dominates thex edge, the corner betweenx andỹ edges represents a zero-dimensional domain wall between SC and FM gaps, which necessarily binds a single Majorana zero mode to the corner [60, 61] , thus enabling higher order topology.
Therefore, the higher order topology in the heterostructure is controlled by the character of theỹ edge gap where SC and FM compete. This motivates us to construct an effective theory of theỹ edge that describes the competition between FM and SC,
Here δ M is the effective exchange coupling on theỹ edge, which orignates from the edge projection of the bulk AFM order M . While it is generally difficult to analytically express δ M in terms of M , we numerically confirm a simple linear relation with δ M ≈ β M M . The linear coefficient β M depends on the details of hopping parameters and we find β M 0.678 for our choice of parameters. For nonzero δ M and ∆, the edge topological phase transition occurs when the energy gap of hỹ closes. The topological condition of HOTSC is thus given by [56] ,
when FM exceeds SC on theỹ edge. To further confirm Eq. 4, we numerically map out the energy gap distribution in the parameter space spanned by M and ∆ at a fixed µ. As shown in Fig We plot the combined spatial profile of these four zero modes in Fig. 2 (e), and additionally confirm that they are exponentially localized at the corners of the system. These corner localized 0d Majorana bound states are the hallmark of higher order topology in this 2d system. Emergent Nodal TSC -In the small µ limit, the edge topological condition in Eq. 4 provides a simple analytical diagnostic for the appearance of Majorana corner modes. To explore the fate of higher order topology at finite µ, we fix the value of ∆ and numerically map out the topological phase diagram tuning M and µ. In Fig. 2 (f), the HOTSC phase and the trivial phase are denoted by the red and white regions respectively. The phase boundary that separates the HOTSC and trivial SC corresponds to the gap closing of FM edge. In addition, an emergent nodal superconducting phase (blue region) is found to dominate the phase diagram when both µ and M are large. Since only conventional s-wave singlet pairing is considered in our model, this nodal structure is unusual and emerges from the combined effects of AFM and SC.
The origin of the emergent nodal SC can be understood by projecting s-wave pairing onto the bulk Fermi surface. At zero M , the effective pairing gap ∆ F S (k) is always uniform on the Fermi surface, which simply signals the uniform, isotropic s-wave pairing. As M is turned on from zero, the Fermi surface develops a spin texture such that ∆ F S (k) becomes anisotropic in the Brillouin zone and thus develops momentum contours with ∆ F S (k) = 0. For example, the Fermi surface for (M, ∆, µ) = (0.6, 0.2, 1.2) is mapped out in Fig. 3 (a) , which clearly shows the position of SC nodes in the spectrum. As a comparison, we plot the Fermi surface of the normal band structure alone in Fig. 3 (b) , along with the calculated zero-pairing contours (white dashed lines). As expected, the BdG spectrum has nodal points where the zero-pairing contour intersects the normal state Fermi surface.
These emergent bulk SC nodes carry non-trivial topological charge and thus lead to interesting boundary Majorana physics. By combining the effective TRS Θ M and particle-hole symmetry Π, an AFM chiral symmetry operation is defined as which anticommutes with H FTS . The AFM chiral symmetry allows us in turn to define a topological charge Q [56, 62, 63] , and we numerically find
for every SC node. The bulk-boundary correspondence then implies the existence of edge Majorana flat bands between SC nodes with opposite topological charges in a nanoribbon geometry. In Fig. 3 (c) and (d) , we show the calculated edge spectrum for the AFMỹ edge and FMx edge, respectively. As expected, theỹ edge hosts zero-energy Majorana flat bands between the projections of the nodal points. These Majorana flat bands are doubly degenerate due to |Q| = 2. On thex edge, however, the AFM chiral symmetry is explicitly broken because of the absence of Θ M . Therefore, the inter-node edge modes are not protected by C and therefore need not be pinned to zero energy. As expected, the edge modes in Fig. 3 (d) are found to hybridize with each other with a nonzero splitting which shifts the modes from zero energy. The edge-dependent Majorana flat bands are a unique feature of the AFM chiral symmetry-protected nodal TSC phase.
Feasibility of Experimental Realization -We now discuss the experimental feasibility of our proposal. We first notice that the fabrication techniques for iron chalcogenide heterostructures are well-developed [23, 64, 65] . In particular, bilayers of different iron chalcogenide layers (for example, a FeSe layer and a FeTe layer) were found to be coherently constrained to each other [65] , which should hold in our proposed FeTe 1−x Se x /FeTe bilayer as well. The precise epitaxial lattice matching between different iron chalcogenide layers greatly facilitates the edge characterization and identification of corner Majorana signal in realistic materials.
We also attempt to make some realistic estimates on the energy scales of physical quantities involved in the topological condition of Eq. 4. ARPES studies on the monolayer FeSe system reveal a SC gap ∆ of about 10 meV [66] . The magnetic structure of FeTe has been measured in Ref. [29, 30] , which leads to local magnetic moments about 1.65µ B along b axis (parallel spin axis), where µ B is the Bohr magneton. The local magnetic moment of FeTe layer induces a magnetic proximity effect through exchange coupling with the FTS layer. To evaluate the scale of the induced exchange coupling, we perform a DFT calculation of a bilayer FeSe system, introducing ferromagnetism to the top FeSe layer [56] . With a magnetic moment of 2.76µ B , the proximity-induced exchange coupling of the bottom layer is around 100 meV. Thus, for the experimentally observed magnetic moment of 1.65µ B in FeTe, the induced exchange coupling in the FTS layer is expected to be M ≈ 60 meV. Given that β M ∼ 0.5, the edge FM potential is still much greater than the edge SC potential and thus the topological condition for Majorana corner modes is always satisfied for a small chemical potential.
Conclusion and Discussion -We have established the higher order TSC phase with Majorana corner modes in monolayer Fe(Se,Te) heterostructures, together with an emergent symmetry-protected nodal TSC phase. In addition to our proposed heterostructure being feasible to create, both the Majorana corner modes and the dispersing Majorana edge flat bands exhibit distinct features in local spectroscopy and should therefore be experimentally visible using standard STM techniques. Our proposed realization of Majorana corner modes does not rely on fine-tuning of the chemical potential, nor does it require perfect ordering of moments in the FeTe layer. In the Supplemental Material [56] , we consider a disordered model with a fixed density of magnetic defects where ±M → ∓M , which explicitly breaks Θ M , and we find that the corner modes persist even for a substantial defect density. Finally, unlike most previous proposals for higher order TSC [42] [43] [44] 54] , our setup does not require an unconventional pairing symmetry. Rather, the combination of AFM and conventional s-wave pairing effectively mimics anisotropic pairing leading to generic higher order topological SC. However, it would be interesting (and possibly experimentally relevant for FTS) to generalize to unconventional pairing. In fact, the full landscape of trivial vs. topological normal state band structure, uniform vs. nonuniform magnetism, and conventional vs. unconventional pairing symmetry appears to be quite rich and already at hand in iron-based materials.
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We have recently become aware of a related work on the monolayer FTS, where the higher order topology is driven by an in-plane magnetic field [67] .
Supplemental Material for "Higher Order Topology and Nodal Topological
Superconductivity in Fe(Se,Te) Heterostructures"
FULL HAMILTONIAN WITH SUPERCONDUCTIVITY AND BICOLLINEAR ANTIFERROMAGNETISM
The full effective model for the FTS/FT heterostructure is
The G matrices describe the sublattice degree of freedom; the hopping matrix elements are described by
and the onsite matrix elements are described by diagonal matrices
Here M deontes the interlayer exchange coupling between FTS and FT. In particular, G 3 describes opposite coupling for electrons with sublattice i = 1, 2 and i = 3, 4, which captures the bicollinear AFM texture. For convenience, we have assumed the alignment of magnetic moments of FeTe to be along the ±x direction. The model parameter α ∈ [−1, 1] accounts for the possible difference in g factors of p-electrons and d-electrons. Numerically, we find that changing α gives little contribution to the physics we are interested in, so without loss of generality we take α = 0 in our discussion.
TOPOLOGICAL CRITERION FOR HIGHER ORDER TOPOLOGY
The key to realize corner Majorana physics is to understand the competition between FM and SC on theỹ edge. It is instuctive to start from an effective model of the edge theory Here δ M is the induced magnetic gap onỹ edge, which is generally smaller than the exchange coupling effect M in the bulk. For a given M , the value of δ M can be identified by calculating the energy gap on theỹ edge at µ = ∆ = 0. In fact, we have numerically confirmed the existence of a simple linear relation between M and δ M ,
For our choice of parameters with A = B = 1, m = 2, we find that
The eigenvalues of Hỹ can be solved analytically,
Therefore, the edge topological phase transition happens when the edge energy gap closes. This is equivalent to finding kỹ such that E = 0 is satisfied. It is straightforward to show that the equation we are solving is
which leads to
Therefore, the topological phase transition can only happen at kỹ = 0 when
This leads to the topological criterion shown in the main text
TOPOLOGICAL CHARGE FOR TOPOLOGICAL NODAL SUPERCONDUCTIVITY
As discussed in the main text, the effective TRS symmetry Θ M and particle-hole symmetry Π lead to an emergent AFM chiral symmetry C = Θ M Π. In the nodal SC phase, a topological charge Q ∈ Z can be defined based on C to characterize the topological nature of the nodal point. Given {C, H FTS } = 0, we notice that the unitary transformation U C that diagonalizes C makes H FTS off-block-diagonal,
We then perform a singular value decomposition to N (k),
and define
The topological charge is simply the winding number of det N (k) along a closed loop L that encloses the nodal point, which is mathematically [62, 63] 
As shown in Fig. 4 (a) , we have studied the topological charge of the nodal points for the same nodal phase in Fig.  3 of the main text. We have chosen two counter-clockwise closed loops (white lines) that encloses two inequivalent nodal points to study their winding number. To better visualize the winding number, we define a 1d momenta k L along the loop L to parametrize the loop, and further define a winding phase at each k L ,
to track the evolution of winding phase integral in Eq. 20. As shown in Fig. 4 (b) and (c), the evolution of the winding phase for loop 1 and loop 2 clearly show the topological charge Q of the enclosed nodal points to be −2 and +2, respectively.
ESTIMATE ON THE PROXIMITY INDUCED EXCHANGE COUPLING IN FE(TE,SE) MONOLAYERS
We perform first principles calculations to obtain an estimate on the proximity induced exchange coupling in FeTe/Fe(Te,Se) heterostructures. For our purpose, we calculate the energy spectrum of a bilayer FeSe with an experimental lattice constant a = 3.905Å . In particular, the FeSe in the bottom layer is assumed to be ferromagnetic, while the top layer FeSe is initially non-magnetic. Consequently, the spin splitting for the top layer FeSe in the energy spectrum is expected to provide an approximate strength of the proximity induced exchange coupling effect.
The obtained band structure is displayed in Fig. 5 , where the up and down triangles denote the spin up and spin down d xz /d yz states of the top FeSe layer. We find that the magnetic moment of the bottom FeSe layer is about 2.75 µ B and the obtained exchange splitting for the top FeSe layer is about 100 meV (as shown by the spacing between black dashed lines in Fig. 5 ). Considering the known overestimation of magnetic moment for Fe in first principle calculations, we use the measured magnetic moment in neutron scattering experiments (1.65 µ B along b axis, parallel spin axis) [29] to further rescale our first principles results, which leads to an induced exchange coupling of 60 meV for the top FeSe layer. 
STABILITY OF HIGHER ORDER TOPOLOGY AGAINST MAGNETIC DISORDER
An important disorder mechanism for our proposed Fe(Se,Te) heterostructure arises from individual flipped spins (relative to the perfectly ordered ground state) in the antiferromagnetic layer. Although previous work has established some robustness of various higher-order topological phases against weak chemical potential disorder, the energy scale associated with a flipped spin in the AFM is necessarily the exchange coupling M , which we expect to be relatively large. Therefore, one can reasonably question if the HOTSC phase we predict requires perfect ordering of the bicollinear AFM. To address this issue, we numerically diagonalize H FTS in real space for magnetic textures with a fixed fraction n imp of "impurity" sites, i.e., randomly selected, uncorrelated lattice points where the coupling ±M → ∓M . Following the main text, this is done for a 20ã y × 10ã x system, with (M, ∆, µ) = (0.6, 0.2, 0.0).
We first characterize the effect of disorder on the edge gap in the spectrum, defined here as the energy of the lowest quasiparticle state above the corner states. In the inset of Fig. 6 we plot the disorder averaged edge gap as a function of n imp . This average systematically trends downward as one might have expected a priori. More interesting, though, is that in the main panel we histogram the distribution of edge gaps over 500 independent disorder realizations at n imp = 0.05, and see that it is generally irregular with a few distinct peaks. In other words, most disorder realizations bind low-energy (including zero energy) states well below the clean edge gap ∼ 0.12B. Although the average gap is necessarily nonzero, the interplay of these individual low-energy states with the Majoranas must be investigated further to see if particular disorder realizations can trivialize them.
This motivates us to consider the effect of individual impurities based on their spatial location. In Fig. 7 we plot spectra for a single (a) bulk, (b) AFM edge, and (c) FM edge impurity. We observe that magnetic impurities (in the form of imperfect bicollinear ordering) do not result in bound states in the bulk below the edge gaps as expected. However, if the impurities are located on the edge, then sub-edge-gap bound states appear (shown in insets). We also see in Fig. 7 that these individual bound states have no apparent impact, however, on the Majorana manifold.
We investigate this stability of the Majorana states further by quantitatively characterizing the localization of corner modes through their disorder-averaged inverse participation ratio (averaged also over the four Majorana corner states and the eight particle-hole ⊗ orbital ⊗ spin basis states), We show in an inset to Fig. 8 that even as the disorder averaged gap decreases rapidly with increasing n imp , the averaged IPR -defined to roughly count the number of sites where the wavefunction is nonzero -is essentially flat, corresponding to a negligible effect of any additional low-energy edge bound states on the corner Majoranas. In Fig. 8 we also show results for a single typical "gapless" realization (n imp = 0.1) with constant density of states inside the edge gap. Since these subgap states are also localized, they cannot simultaneously hybridize with two corner modes to trivialize them; correspondingly, the combined probability density of the Majorana modes (shown in an inset) still has four disjoint regions of support, but with slightly decreased localization to the corners. In summary, we have demonstrated that the HOTSC phase we uncover does not rely on perfect bicollinear AFM order: even for relatively large n imp the bulk remains essentially inert (since the bulk QSH does not require the AFM texture). The main effect of increasing n imp then is increasing the likelihood that a particular realization will contain edge impurities. These edge impurities bind additional low-energy localized states, which can hybridize with the Majorana corner modes to "push" the zero-mode away from the corners, but an isolated zero-mode cannot be eliminated. Instead, a high density of edge impurities is required to push Majoranas from two separate corners together to trivialize them. Spectrum of a typical "gapless" disorder realization, in the sense that the energy window below the clean edge gap is nearly uniformly filled with states, at nimp = 0.1. Nonetheless, the zero modes persist with only slightly decreased localization, as seen from the probability density plotted in the lower-right inset. The upper-left inset shows the disorder averaged IPR for the zero modes, a quantitative measure of localization; up to at least nimp = 0.1, increasing impurity density only slightly increases the localization length of the zero modes.
